For two given graphs G 1 and G 2 , the Ramsey number R(G 1 , G 2 ) is the smallest positive integer n such that for any graph G of order n, either G contains G 1 or the complement of G contains G 2 . Let S n denote a star of order n and W m a wheel of order m + 1. In this paper, we show that R(S n , W 8 ) = 2n + 2 for n ≥ 6 and n ≡ 0 (mod 2).
Introduction
All graphs considered in this paper are finite simple graph without loops. For two given graphs G 1 and G 2 , the Ramsey number R(G 1 , G 2 ) is the smallest integer n such that for any graph G of order n, either G contains G 1 or G contains G 2 , where G is the complement of G. The neighborhood N (v) of a vertex v is the set of vertices adjacent to v in G and N [v] = N (v) ∪ {v}. The minimum degree, maximum degree, independence number and connectivity of G are denoted by δ(G), ∆(G), α(G) and κ(G), respectively. The edge number of a graph G is e(G). Let V 1 , V 2 ⊆ V (G). We use E(V 1 , V 2 ) to denote the set of the edges between V 1 and V 2 , and e(V 1 , V 2 ) = |E(V 1 , V 2 )|. For U ⊆ V (G), G[U ] is the subgraph induced by U in G. A cycle and a path of order n are denoted by C n and P n , respectively. We use mG to denote the union of m vertex disjoint G. A wheel of order n + 1 is W n = K 1 + C n . A book of order n + 2 is B n = K 2 + K n . Let c(G) be the circumference of G, that is, the length of a longest cycle, and g(G), the girth, that is, the length of a shortest cycle. A graph on n vertices is pancyclic if it contains cycles of every length l, 3 ≤ l ≤ n. A graph is weakly pancyclic if it contains cycles of every length from the girth to the circumference. Let C be a cycle. For a given orientation Proof. Let u, v ∈ V (F). Since cl(P 6 ) = K 7 , by Lemma 5, F has a Hamilton (u, v)-path P = v 1 v 2 · · · v 6 , where u = v 1 and v = v 6 . If F contains no (u, v)-path of order 5, then v i v i+2 ∈ E(F) for 1 ≤ i ≤ 4. Since ∆(F) ≤ 2, we have v 1 v 4 ∈ E(F), which implies v 2 v 6 ∈ E(F). In this case, F contains a triangle v 2 v 4 v 6 , a contradiction. If F contains no (u, v)-path of order 4, then v i v i+3 ∈ E(F) for 1 ≤ i ≤ 3. If v 1 v 3 ∈ E(F), then v 2 v 6 , v 4 v 6 ∈ E(F), which contradicts ∆(F) ≤ 2. Thus by symmetry we have v 1 v 3 , v 4 v 6 ∈ E(F), which implies F contains a C 4 , a contradiction.
Lemma 7 (Chen et al. [5] ). Let G be a connected graph and C a maximal cycle of G. Suppose that v ∈ V (G − C) and d C (v) ≥ 2. Then for any two distinct vertices x, y in N
Proof. We need only to consider the case in which |V 1 | = 4. Let P = v 1 v 2 · · · v l be a longest path of G. Obviously, l ≤ 9. If v 1 ∈ V 1 , then by the maximality of P, we have
By the maximality of P, we have v 1 , v l ∈ N (a). Thus we have d P (a) ≤ 2, which implies
by symmetry we assume v 3 a ∈ E(G). By the maximality of P, v 2 v l ∈ E(G). Thus, noting that
Lemma 10. Let G be a 2-connected graph of order 11 and δ(G) ≥ 4. If c(G) = 9 or 10, then G contains a C 8 .
Proof. Let C = t 1 t 2 · · · t l be a longest cycle of G and
, which satisfies the conditions of Lemma 9, and hence G contains a C 8 . If d C (h) ≤ 3 for any h ∈ V (H ), then we have l = 9 and H = K 2 . Let E(H ) = {h 1 h 2 } and t 1 h 1 ∈ E(G). By the maximality of C, we have t 2 , t 3 , t 8 , t 9 ∈ N (h 2 ). If G contains no C 8 , then we have t 5 , t 6 ∈ N (h 2 ) and |N (h 2 ) ∩ {t 1 , t 4 , t 7 }| ≤ 1, which implies d C (h 2 ) ≤ 1, and hence d(h 2 ) ≤ 2, a contradiction.
Lemma 11. Let G be a graph of order at least n + 3 and
contains a C 8 , and hence we have d U (x ) = 6. If x 1 , x 2 ∈ X 0 and there is some vertex x ∈ X such that
Lemma 12. Let G be a graph of order 2n + 2 ≥ 22 and ∆(G) ≤ n − 2. Suppose H is a graph of order 7 and H is Hamilton-connected. If G contains an induced
with the hub v. Hence we may assume that e(H, B) ≥ 6|B|.
Assume
contains a W 8 with the hub h for some h ∈ V (H ). Thus we have d H (q) ≥ 3 for any q ∈ Q, which implies e(H, Q) ≥ 3|Q|. In this case, 
and |Y | = 4. By Lemma 8, we see that G[X ∪Y ∪{u}] contains a W 8 with hub u. Thus we may assume d H (q 2 ) ≥ 1. In this case, we have d H (q 3 ) = 1 for otherwise e(H, Q) ≥ 2|Q| − 3, and e(H, Q) ≥ |Q| − 1, which implies e(H ) ≤ 6. If |U | = 3, then H = 3K 1 ∪ K 4 , which contradicts that H is Hamiltonconnected. Hence we have |U | ≥ 4. Define Q 1 = {q | q ∈ Q and d H (q) ≤ 1}. Obviously, 
Noting that e(H ) = 6, we have d H (q) = 1 for any q ∈ Q and |Q| = n −2 for otherwise ∆(G) ≥ n −1. In this case, Q contains at least two vertices, say
Then vh h 2 q 1 q 2 h 3 q 3 h 4 is a C 8 in G, and hence G contains a W 8 with the hub h 1 .
Lemma 13. Let G be a graph of order 2n + 2 ≥ 22 and ∆(G) ≤ n − 2. Suppose H is a linear forest with |H | = 6, e(H ) ≤ 3 and
. By Lemma 12, we may assume d H (q) ≥ 3 if e(H ) ≤ 1 and d H (q) ≥ 2 if e(H ) = 2 for any q ∈ Q. By Lemmas 6 and 11, we may assume e(H, X ) ≥ 4|X | + 2. Thus we have h∈H d(h) ≥ 3|Q| + 4|X | + 2 ≥ 6n − 6 if e(H ) ≤ 1 and h∈H d(h) ≥ 2|Q| + 4|X | + 2 + 4 ≥ 6n − 10 if e(H ) = 2, which implies ∆(G) ≥ n − 1, a contradiction. If e(H ) = 3, then H = 3K 2 or 2K 1 ∪ P 4 . By Lemma 12, Q has at most one vertex which has no neighbors in H . If e(H, Q) ≥ 2|Q| − 3, then by Lemmas 6 and 11, we have h∈H d(h) ≥ 2|Q|−3+4|X |+2+6 ≥ 6n −11, a contradiction. Thus there exists q 1 , q 2 , q 3 ∈ Q such that 
with the hub h.
Proof of Theorem 4
Proof of Theorem 4. Obviously, the graph K n−1 ∪ H shows that R(S n , W 8 ) ≥ 2n + 2, where
In the following proof, we need only to show that R(S n , W 8 ) ≤ 2n + 2.
Let G be a graph of order 2n + 2. Suppose to the contrary that neither G contains an S n nor G contains a W 8 .
We first consider the case in which n ≤ 8. Let v 0 be a vertex of degree ∆(G). Set
Since G contains no W 8 , we see that H contains no C 8 . If n = 6, then |H | = 9 + l. If l ≥ 1 or l = 0 and δ(H ) ≥ 5, then we have δ(H ) ≥ |H |/2, which implies H contains a C 8 by Lemma 1, a contradiction. If l = 0 and δ(H ) = 4, then H is connected and G is 9-regular. If κ(H ) = 1, say u 0 is a cut-vertex, then it is easy to see that H = {u 0 } + 2K 4 . Since G is 9-regular, we have N G (u 0 ) ∩ B = ∅. For each h ∈ V (H ) − {u 0 }, since d H (h) = 4 and d G (h) = 9, we have B ⊆ N G (h), which implies F = 2K 2 since G is 9-regular. Thus G = 3K 2 + 2K 4 , and hence G contains a W 8 , a contradiction. If κ(H ) ≥ 2 and H is bipartite, then H = K 4,5 , a contradiction. If κ(H ) ≥ 2 and H is non-bipartite, then by Lemmas 2 and 3, H contains a C 8 , a contradiction. Hence R(S 6 , W 8 ) ≤ 14.
If n = 8, then |H | = 11 + l. If l ≥ 3, then we have δ(H ) ≥ |H |/2, which implies H contains a C 8 by Lemma 1, a contradiction. Thus we have l ≤ 2. Suppose l = 0. If κ(H ) ≥ 2 and H is bipartite, then since δ(H ) ≥ 4+l and |H | = 11+l, H contains a C 8 by Lemma 9, a contradiction. If κ(H ) ≥ 2 and H is non-bipartite, then since δ(H ) ≥ 4 + l ≥ [(11 + l) + 2]/3, by Lemmas 2 and 3, H contains a C 8 , a contradiction. If κ(H ) ≤ 1, then it is not difficult to see that H contains a subgraph H 1 such that In order to consider the cases when 3 ≤ |I | ≤ 5, we need the following claim.
Choose H such that e(H, U ) is as large as possible.
We first show that e(H, U ) ≥ 6|U |. Since G contains no W 8 , we can see that G[R] contains no C 8 . Define X = {u | u ∈ U, A ⊆ N (u) and B ⊆ N (u)}, Y = {u | u ∈ U and A ∪ B ⊆ N (u)} and Z = {u | u ∈ U, B ⊆ N (u) and A ⊆ N (u)}. If there is some vertex u ∈ U such that d A (u) ≤ 2 and d B (u) ≤ 3, then since α(G) = α(H ) + 1, we have α(G) ≥ 4, and hence G[B] = B 2 . In this case, since H contains an (a, b)-path of order 7 for any a ∈ A and b ∈ B, we see
. If x z ∈ E(G) for some x ∈ X and z ∈ Z , then since H contains an (a, b)-path of order 6 for any a ∈ A and b ∈ B, we see G[R] contains a C 8 . Thus we have d B (u) ≥ 3 for each u ∈ U and X ⊆ N (z) for each z ∈ Z . If Z = ∅, then we have e(H, U ) ≥ 6|U |. Hence we may assume
Let z ∈ Z 0 . If there is some z ∈ Z such that zz ∈ E(G), then we have α(G) ≥ 4, and hence G[B] = B 2 . Assume without loss of generality that
, and thus we have Z ⊆ N [z]. Since G contains no S n , we have |Q| ≤ n − 2 and
, and hence we have α(G) = 3. In this case, we have a 2 , a 3 ∈ N (z) and a 2 , a 3 ∈ N (z 1 ). If z 2 ∈ Z − {z, z 1 } and z 1 z 2 ∈ E(G), then since α(G) = 3, we have a 2 ∈ N (z 2 ) or a 3 ∈ N (z 2 ), which implies a 1 b 1 a 2 z 2 z 1 za 3 b 2 or a 1 b 1 a 3 z 2 z 1 za 2 b 2 is a C 8 in G [R] , and hence we have
= |Y |, and thus z 1 , z 2 ∈ Z 1 . Assume z i ∈ Z and z i z i , yz i ∈ E(G) for i = 1, 2. Since z 1 z 2 , z 2 z 1 ∈ E(G), we have z 1 = z 2 . Since z 1 , z 2 ∈ Z 1 , we can choose two vertices, say a 1 , a 2 ∈ A such that z 1 a 1 , z 2 a 2 ∈ E(G), which implies
, then since |A| = 3, there is some a ∈ A such that q 1 , q 2 , q 3 ∈ N (a). By Lemma 8, G[B ∪ {v, q 1 , q 2 , q 3 }] contains a C 8 , and hence G contains a W 8 with the hub a, a contradiction. Thus we have e(H, Q) ≥ |Q| − 1, which
contains a W 8 with the hub u, a contradiction. Thus we have 3 i=1 d U (q i ) = 3 and |Z | = 1. If u 3 , u 6 ∈ Z , then there is some u ∈ U − {u 4 , u 5 } such that u ∈ Z and E(U − N [u], Y ) = ∅, and hence G contains a W 8 with the hub u, a contradiction. Thus by symmetry we may assume Z = {u 6 }. Since α(G) = 4, we have q i q j ∈ E(G) for 1 ≤ i < j ≤ 3, which implies G contains an induced
If G has an induced 2K 1 ∪ 2K 2 , we let
we have |Z | ≥ n − 2, and hence there exists z , 5) -connected, we see that G contains a W 8 with the hub u 0 , and hence 4 , u 5 } for any z ∈ Z 2 . Note that G contains no induced 2K 1 ∪ K 2 ∪ K 4 and α(G) = 4, there exists z 1 , z 2 ∈ Z 2 such that N U (z 1 ) = {u 2 , u 3 } and N U (z 2 ) = {u 4 , u 5 }. In this case, cl(G[U ∪ {z 1 , z 2 }]) = K 7 . By Lemma 5, G[U ∪ {z 1 , z 2 }] is Hamilton-connected, which contradicts Lemma 12. Thus G contains no induced 2K 1 ∪ 2K 2 .
If G has an induced 3K 1 ∪ K 3 , we let U = {u i | 1 ≤ i ≤ 6} and E(G[U ]) = {u 4 u 5 , u 5 u 6 , u 4 u 6 }. Set X = V (G) −U . Since α(G) = 4 and G contains no induced 2K 1 ∪ 2K 2 , we have d U (x) ≥ 2 for each x ∈ X . Let X 0 = {x | x ∈ X and d U (x) = 2}. Since u∈U d(u) ≤ 6(n − 2) and |X | = 2n − 4, we have |X 0 | ≥ 6. Let x ∈ X 0 . Note that α(G) = 4 and G contains no induced 2K 1 ∪ 2K 2 , we have N (x) ⊆ {u 1 , u 2 , u 3 }. Thus, since |X 0 | ≥ 6, there exists x 1 , x 2 ∈ X 0 such that N U (x 1 ) = N U (x 2 ). Assume without loss of generality that N U (x 1 ) = N U (x 2 ) = {u 2 , u 3 }. By Claim 1, we have x 1 x 2 ∈ E(G). In this case, cl(G[U ∪ {x 1 , x 2 } − {u 1 }]) = K 7 . By Lemma 5, G[U ∪ {x 1 , x 2 } − {u 1 }] is Hamilton-connected, which contradicts Lemma 12. Thus G contains no induced 3K 1 ∪ K 3 .
Let I = {u 0 , u 1 , u 2 , u 3 }, V (G) − I = X and X 1 = {x | x ∈ X and d I (x) = 1}. Since |X | = 2n − 2 and ∆(G) ≤ n − 2, we have |X 1 | ≥ 4. If |X 1 | ≥ 5 or d X 1 (u i ) ≥ 2 for some i with 0 ≤ i ≤ 3, then G contains an induced 3K 1 ∪ K 3 since α(G) = 4, a contradiction. Thus we have |X 1 | = 4 and d X 1 (u i ) = 1 for 0 ≤ i ≤ 3, which implies d I (x) = 2 for any x ∈ X − X 1 and d(u i ) = n − 2 for 0 ≤ i ≤ 3. Let N (u 0 ) = Y and Z = X − Y , then |Z | = n. Assume Z 0 = {v i | 1 ≤ i ≤ 3} ⊆ X 1 and u i v i ∈ E(G). Set Z i j = {z | z ∈ Z and N U (z) = {u i , u j }} for 1 ≤ i < j ≤ 3. By the arguments above, we see that 
